It is possible to employ virtual decay paths, including two-particle transfer, to calculate the nuclear matrix element of neutrinoless double-beta decay under the closure approximation, in addition to the true double-beta path. In the quasiparticle random-phase approximation (QRPA) approach, it is necessary to introduce the product wave functions of the like-particle and protonneutron QRPA ground states, for achieving consistency between the calculations of the true and virtual paths. Using these different paths, the problem of whether or not these two methods give equivalent nuclear matrix elements (NME) is investigated. It is found that the two results are inequivalent, resulting from the different many-body correlations included in the two QRPA methods, i.e., the use of the product wave functions alone is not sufficient. The author proposes introduction of the proton-neutron pairing interaction with an adequate strength in the doublebeta-path method, which carries less many-body correlations without this supplemental interaction, for obtaining the NME equivalent to that of the two-particle-transfer-path method. The validity of the proposed modified approach is examined.
I. INTRODUCTION
The nuclear matrix element (NME) of neutrinoless double-beta (0νββ) decay has been studied intensively by many theoretical research groups, who have been inspired by the attempts initiated by several experimental groups to observe 0νββ decay [1] [2] [3] [4] [5] (experiments already started). Exploitation of the 0νββ decay is one of the few available methods for determining the neutrino mass scale. In this approach, it is necessary to obtain reliable values for the NME and phase-space factor in order to determine the effective neutrino mass accurately, together with the experimental decay probability. However, it is difficult to establish the NME reliably, because the predicted 0νββ NMEs cannot be confirmed by any other methods. This difficulty arises because the transition operator is a neutrino-exchange interaction in medium, which has never been used for the investigation of other nuclear physics problems. In addition, an uncertainty is introduced through approximation of the nuclear wave function, as the lightest candidate parent nucleus used in experiment is 48 Ca [1] . A well-known problem exists in that the values of the 0νββ NME are distributed within a factor range of 2-3 depending on the method (see, e.g., [6] ). This uncertainty may affect the design of next-generation detectors significantly, as can be conjectured from discussions on experimental sensitivity (see, e.g., [7] ). Therefore, improvement of the NME calculation is an urgent challenge for theoretical nuclear physics. The author emphasizes that study of the many-body problem is essential in order to solve the problem of discrepancy between methods.
The approach to the NME calculation that utilizes the quasiparticle random-phase approximation (QRPA), which is employed in this paper, has been improved over a number of decades, in terms of deformation of the nuclear density [8] , evaluation of the finite nucleonsize effect (see, e.g., [9] ), the tensor term in the transition operator (e.g., [9] ), the renormalized QRPA ( [10, 11] and references therein), several effective-operator methods (e.g., [12] ), and other factors. Remarkable progress has been made recently, in that a few groups have independently performed QRPA calculations ( [13] and references therein), with the converged results with respect to the dimension of the wave-function space, and relatively similar 0νββ NMEs were obtained within a range significantly smaller than the abovementioned factor of 2-3. Recently, the author has made additional progress by modifying the QRPA approach for calculation of the NME of 0νββ decay in terms of the overlap calculation of the intermediate states of the decay [14] . In the QRPA approach, the intermediate states obtained on the basis of the initial and final states are not identical; therefore, this overlap calculation is not trivial. A major modification involves the explicit use of the QRPA ground-state wave function, which is defined as vacuum for QRPA bosons. Hence, it has been found that the product of the normalization factors of the QRPA ground states is almost 2 for the 150 Nd→ 150 Sm decay, which has a significant effect in terms of NME reduction [15] . The author's NME is close to that of the conventional QRPA approach [13, 16] ; however, the modified method has an important physical implication. In the conventional approach, the proton-neutron (pn) pairing interaction is introduced so as to reproduce the experimental NME or decay probability of the two-neutrino double-beta (2νββ) decay, and the pnQRPA solutions are close to the breaking point of the pnQRPA as a result of the strong pn pairing interaction. The advantage of the modified QRPA approach is that such a strong pn pairing interaction is unnecessary; therefore, the QRPA approach is, in fact, a better approximation than has previously been recognized.
Another new aspect of the modified QRPA approach is the use of a virtual decay path, e.g., a two-neutron removal followed by a two-proton addition, in order to calculate the NME of 0νββ decay under the closure approximation [14, 17, 18] . The like-particle (lp)QRPA is the main method for obtaining intermediate states on this virtual path. On the other hand, the pnQRPA is the primary method for obtaining those on the conventional double-beta path. It is, however, necessary to extend the QRPA ground states to product wave functions of the lp and pn QRPA ground states in order to unify the ground-state wave functions used in the two methods. This extension implies that the product of the normalization factors of the lpQRPA ground states is also included in the overlap of the pnQRPA states. Therefore, the NME obtained via the double-beta-path calculation is also reduced, and the strong pn pairing interaction can be avoided.
This paper is the third major step in the author's examination and improvement of the manner in which the QRPA is applied to the calculation of the ββ NME. The problem investigated in this paper is whether or not the previously reported modified QRPA approach [15] yields equivalent results for the two decay paths, namely, the double-beta and twoparticle-transfer paths. Note that the author previously reported the result of a small-space calculation indicating that these two paths yield close NMEs [15] . However, this equivalence is a property of exact nuclear wave functions, and it is not trivial for approximate wave functions. In this paper, we investigate whether this equivalence is obtained exactly in the QRPA. The fundamental purpose of the study of this problem is deepening our understanding of the QRPA approach, and such research is necessary because the uncertainties of the methods must be removed individually in order to solve the method-based NME discrepancy problem.
Section II presents basic equations for calculating the NME. In Sec. III, the problem of QRPA equivalence between the two decay paths is investigated both analytically and numerically. The results of the calculation of the 0νββ NME using the double-beta path and the 2νββ NME are shown in Sec. IV. The consistency between the two different path calculations is also discussed in this section, along with a method for satisfying the equivalence of those calculations and a justification of the proposed method. Section V contains the conclusion and a brief discussion of future prospects.
II. PREPARATION
The probability of the 0νββ decay is given by
(see, e.g., [19] ) where T 0ν (gs → gs) is the half-life from the ground to ground states, G 01 is the phase-space factor, m ν is the effective neutrino mass, and m e is the electron mass. We use the nuclear matrix element consisting of only the Gamow-Teller (double στ ) and Fermi (double τ ) terms for simplicity
where α and α ′ (β and β ′ ) denote proton (neutron) single-particle states, and their combinations are constrained with respect to the z-component of the angular momentum by
and with respect to parity by
with the quantum number K and parity π of the intermediate state. Axial and parity symmetries are assumed for the nuclei considered in this paper. When −j z α is included in the single-particle label, we note −α. The creation and annihilation operators of those single-particle states are denoted by c and c † , respectively, and the a + are the spin-Pauli and charge-change (neutron to proton) operators, respectively. Arguments 1 and 2 distinguish the two particles on which the operators act, and the g V and g A constants are the vector current and axial-vector current couplings, respectively.
In the proposed QRPA approach, the I and F states are product states of the lp and pn QRPA ground states such that
where {a 
The coefficients in Eq. (6) are referred to as the correlation coefficients (see, e.g., [20] ). Using the quasiboson approximation which neglects exchange terms, these coefficients are obtained as
The X and Y symbols are used to represent the forward and backward amplitudes of the QRPA solutions, respectively. As seen from these equations, we use four kinds of QRPA solutions, which are distinguished by {pn, lp} and {I, F }. A QRPA solution is then specified by, e.g., {pnI, Kπ, a}. X pn,I,Kπ represents the matrix for which the row (column) number corresponds to µν (a). The creation operators of the pnQRPA states are given by
The intermediate states in Eq. (2) can be expressed as
We also note the NME calculated using a two-particle-transfer path
where µ < ν indicates that (µ, ν) is an ordered pair of lp's. 
III. CHARGE-CHANGE TRANSITION MATRIX ELEMENT
In this section, the matrix element of the transition density in M (0ν) , i.e., Eq. (2), is investigated for the extension of the QRPA ground states to the product states. In the computation of a
f α } are used, respectively, for the single particles. The choice of these two single-particle bases is useful for the calculation of the transition densities, and the matrix elements of the two-body transition operator in Eq. (2) are calculated using these bases. The two-body matrix elements are calculated using the coordinate mesh; thus, no additional calculation arises for this part. Using Eq. (5), we can state
The operators associated with the lpQRPA and pnQRPA are commutable under the QRPA, because there is no coupling between the two QRPA Hamiltonians. Thus, Eq. (14) leads to
where the following definitions of the conventional pnQRPA states (the lpQRPA correlations are not included) are employed:
Note that v . It has already been found that the effects of v Kπ lp,I on the unnormalized overlap matrix elements are very small [15] . Thus, the lpQRPA correlations are incorporated into the NME expression [Eq. (2)] by the normalization factors of the lpQRPA ground states only, in an approximate manner. M (0ν) 2p2n includes the pnQRPA correlations in the normalization factors of the pnQRPA only, again in an approximate manner, and those normalization factors are common to the two NMEs. Therefore, the two NMEs differ, because there are differences in the components of the interactions contributing to the two NMEs; see the argument presented in Sec. VII of Ref. [15] . In other words, introduction of the product QRPA ground states is not sufficient for establishing equivalence for the two different path calculations of the NME.
We investigate whether or not Eq. (15) is a good approximation. To obtain a computable equation, we first expand the unnormalized factor of a 
The u 
between the canonical and canonical-quasiparticle bases, where the j 
These equations imply that one more set of conditions must be satisfied than in the case of the direct term; one can compare this condition with analogous condition for, e.g., the X pnI,Kπ,a * κλ C pnI,Kπ κλ,−α−β component included in the first term of the right-hand side of Eq. (17) implicitly. Therefore the "cross term" of the pn and lp QRPA (18) has significantly less components than the analogous direct terms. It is speculated that the "cross term" is significantly smaller than the first term of the right-hand side of Eq. (17) contained in the QRPA as a result of its smaller number of components. This speculation is based on the assumption that the "cross term" does not contain a significantly greater number of large terms than the analogous direct terms.
Similar to Eq. (18), we derive 
The calculations of the "cross terms", Eqs. (18) and (22), are computationally costly and challenging for parallel computation. For the calculation and verification, see Appendix A. The numerical calculation of the NME using Eq. (17) and the corresponding calculation including Eq. (22) were performed for (Kπ) = (2+) in 150 Nd → 150 Sm using the same setup as that used to calculate M (0ν) 2p2n in Ref. [15] . That is, the HFB solutions were common to both cases, and the cutoff parameters were chosen in such a way that the dimensions of the QRPA Hamiltonian matrix and the 0νββ-transition-operator matrix were close to those used in the calculation of M [15] were also used to calculate the overlaps of the pnQRPA intermediate states. These operators were created in order to reproduce the correlation energies of the ground states, and v Kπ pn,I = v Kπ pn,F = 0 was employed in the overlap calculation because the major QRPA solutions with the large backward amplitudes were those of the lpQRPA. For more details, see Ref. [15] . Note that v Kπ pn,I = v Kπ pn,F = 0 is not assumed in the above general discussion. A M (0ν) component of (Kπ) = (2+) was obtained to be 0.3712 in this test calculation. This value is identical to that obtained without the "cross terms" [Eqs. (18) and (22)] within the shown order. A calculation using all the lpQRPA solutions with the same (Kπ) value was also performed in order to construct another pair of v Kπ lp,I and v Kπ lp,F , and the corresponding NME value was 0.3710. Thus, assuming commutability of the operators associated with the different QRPAs is a very good approximation in this test.
This result indicates the necessity of the intermediate-state projector consisting of multiphonon states [see Eq. (7) in Ref. [14] ]. However, those multi-phonon states do not contribute to the transition density in the QRPA if the exchange terms are neglected. It is also speculated that the contribution from those multi-phonon states is also negligible if the exchange terms are included, based on the numerical calculation conducted in this section. (Note that the numerical confirmation is too computationally costly to perform.) Thus, dynamical extension of the QRPA is the appropriate means of obtaining equivalence for the two different path calculations. Nevertheless, an alternative method for obtaining equivalence in the QRPA is considered in the next section.
IV. CALCULATION OF NUCLEAR MATRIX ELEMENT USING DOUBLE-BETA PATH A. 0νββ nuclear matrix element
The M (0ν) calculation was performed for 150 Nd → 150 Sm using the same input as the "cross term" calculation in the previous section. Thus, the cutoff parameters for the twoquasiparticle spaces used in the pnQRPA calculations were chosen such that the associated dimensions were close to those of the lpQRPA calculations in Ref. [15] . However, the excitation modes of K = 0 and 1, π = + and − had spurious states in the lpQRPA, and much larger spaces were used than those for other Kπ's. The cutoff parameters for those Kπ's in the present calculation were chosen to yield dimensions close to that of (Kπ) = (2+) in Ref. [15] . A value of 5.324 was obtained for the M (0ν) . As a value of 3.604 was obtained for M (0ν) 2p2n in Ref. [15] , the result obtained in this study is 48% larger than the earlier value. A number of groups (e.g., [24] ) have independently reported that the larger the strength of the pn pairing interaction, the smaller the obtained M (0ν) . Using this property, the pn pairing interaction for retrieving the equivalence of the two different path calculations can be introduced. The pnQRPA calculations are modified by this interaction, and the lpQRPA calculations are not affected. In this paper, a contact volume interaction is used, which consists of the component acting on the pn pair with T = 0 and that with T = 1. This Method 0νββ NME Two-particle-transfer path, Eq. (11) 3.604 Double-beta path, Eq. (2) value obtained by averaging lppairing interaction strengths for protons and neutrons.
interaction can be expressed aŝ
where P S and P T are projection operators to the spin S and isospin T pair states, respectively, and g pnpair T denotes the interaction strength. The equation of the matrix element of this interaction used in the pnQRPA equation is shown in Appendix B. The T = 1 pn pairing interaction (the interaction is not isovector) is often used to cause the Fermi term of the 2νββ NME to vanish (this term vanishes automatically if the nucleus has isospin symmetry). However, the T = 1 pn pairing interaction is omitted because, without this, the Fermi term of the 2νββ NME is 7-10 % (varying as a result of the uncertainty of g A ) of the entire NME in the present calculation. Using g is illustrated in Fig. 1 . The g pnpair T =0
adopted here, which corresponds to a factor of 1, is still far from the breaking point of the pnQRPA indicated by the sharply decreasing behavior observed in the figure.
As the ground states under consideration here do not have pn pairing gaps, the pn pairing interaction is a residual interaction, i.e., only correlations beyond the HFB approximation are created. Thus, the many-body correlations due to this interaction reduce M (0ν) . Figure  7 in Ref. [15] shows that the pnQRPA solutions obtained without the pn pairing interaction [25] , theoretical phase-space factor [26] , and g A . |K| indicates those of the intermediate states. For K = 0, the NME components shown here are summations of those for K = ±|K|. have less many-body correlations in terms of the backward amplitudes than the lpQRPA solutions. The pn pairing interaction in the present calculation is an effective interaction for supplementing the many-body correlations of the pnQRPA solutions. Further, this interaction is useful for the purposes of the present study, because it does not affect the lpQRPA solutions. Thus, the pn pairing interaction is employed without discussion of its physical origin. As discussed in Ref. [15] , it is difficult to find the physical origin of the pn pairing interaction for nuclei far from N = Z.
B. 2νββ nuclear matrix element
The calculation of the 2νββ NME is an important check for theory, particularly because experimental data are available. This NME is calculated according to [19] 
The running indexes n and n ′ indicate the nucleons, and E aK,I is the energy of the intermediate state. The result of the 2νββ calculation and semi-experimental values are shown in Tab. II. As mentioned above, the Fermi-term contribution is small, and the difference due to the two g A is not large. The semi-experimental values of M (2ν) obtained using the compiled data of Ref. [25] , the phase-space factor of Ref. [26] , and the values of g A are 0.0579 (g A = 1.000) and 0.0368 (g A = 1.254). Apparently, the value calculated with g A = 1.000 is closer to the semi-experimental value in terms of the ratio than that obtained for g A = 1.254. However, the M (2ν) obtained here with g A = 1.000 is 47 % larger than the semi-experimental value. In Ref. [14] , the author obtained a value of 0.06, which is very close to the semi-experimental result, via a simple hybrid estimation combining the M (2ν) of Ref. [24] and the product of the normalization factors of the lpQRPA ground states. This very good agreement is a coincidence. However, the discrepancy of 47 % is still encouraging, considering that this result was obtained without phenomenology for reproducing the semi-experimental value.
In Fig. 2 , the g
dependence of M (2ν) is illustrated. As previously noted in the literature (e.g., [24] ), the decreasing behavior in the large-g pnpair T =0 region is sharper than that of M (0ν) . Again, this figure shows that the present g pnpair T =0 is in a region in which the pnQRPA provides a good approximation, indicating that the proposed method is useful.
C. Technical comparison with previously reported calculation
The calculation reported in Ref. [24] was performed independently of this study, using the Skyrme interaction (energy-density functional) SkM * [27] and the contact volume pairing interaction; those interactions are identical to those employed here, except for the lp-pairing strength.
1 Thus, a comparison to determine the technical consistency is worthwhile. For this purpose, the simplest example of M (2ν) was employed, without the pn pairing interaction with g A = 1.0, and the new method presented here was not employed. The M (2ν) value of Ref. [24] was read to be 0.11, from . The initial value for deriving the corresponding value was obtained using the new method presented in this study and neglecting the Fermi term, and was found to be 0.0830. This result was multiplied by N lp,F N lp,I = 1.860 (erasing the effect of the new approach) with an adjusting factor due to the difference in the nuclear mean radius of 1.2/1.1. The M (2ν) result was then 0.168; this is 50 % larger than the value reported in Ref. [24] . After this calculation, three more changes were made to the calculation setup: The T = 1 pn pairing interaction was introduced so as to cause the Fermi term of M (2ν) to vanish; the dimensions of the two-quasiparticle spaces were adjusted to be closer to those of Ref. [24] ; and the same number of mesh points as in Ref. [24] were used to represent the nucleon wave functions. Hence, a M (2ν) value of 0.143 was obtained. Then, the two HFB solutions were compared, with slight differences being found. The Q-value reported in Ref. [24] was 2.35 MeV, whereas the present result was 1.406 MeV (the experimental value is 3.371 MeV). The β deformations of the HFB solutions were 0.27 (Ref. [24] ) and 0.279 (this study) for 150 Nd, and 0.22 (Ref. [24] ) and 0.209 (this study) for 150 Sm. The strengths of the lp pairing interaction of 150 Sm were increased by 2 %, and a Qvalue of 2.268 MeV and a β of 0.197 ( 150 Sm) were obtained. Using this input, a M (2ν) result of 0.126 was determined; the discrepancy between the M (2ν) value obtained in this study and that of Ref. [24] was therefore reduced to 13 %, although the present result remained larger than the Ref. [24] value. An M (2ν) value appreciably closer to that reported in Ref. [24] was obtained by approaching the input used in that study; thus, it is concluded that there is no technical inconsistency between the techniques employed by the two groups as far as M (2ν) is concerned. Other information obtained from this check is that an adjustment of approximately 10 % in the NME can be obtained via a slight change in the HFB calculation. The accumulation of the differences in the other technical details can also yield a comparable difference in the calculated NME.
V. CONCLUSION AND PROSPECTS

NME calculations have been performed for
150 Nd → 150 Sm using the double-beta path, and the consistency of the result compared with calculations using the virtual two-particletransfer path in the QRPA has been investigated. It has been clarified that the QRPA does not yield exact equivalence for the two different path calculations. This problem has been investigated in depth, both analytically and numerically. The fundamental reason for the discrepancy is that the lpQRPA has a greater amount of many-body correlations than the pnQRPA, and the product QRPA ground state does not remove the influence of this difference because of the nature of the included transition matrix elements. The pn pairing interaction was introduced to obtain equivalence, exploiting the fact that the pnQRPA solutions are sensitive to this interaction but the lpQRPA solutions are unaffected. The essential concept is to carry the same degree of many-body correlations in the two calculations. Interestingly, this method constitutes a theoretical prescription to determine the strengths of the T = 0 pn pairing interaction. The QRPA solutions obtained using this modified method are still far from regions close to the breaking point of the QRPA, and the M (2ν) does not differ largely from the semi-experimental data. Thus, the overall conclusion of the present study, including the previous papers of the author [14, 15] , is that the validity of the proposed method is confirmed. A technical check of the calculation was also performed by comparing the results with the findings of another group, which were obtained using the Skyrme interaction; no inconsistency was found. This test helped establish the reliability of the calculations.
The possibility for basic improvement of the manner in which the QRPA is applied to the ββ NME seems to have been exhausted by this paper. Other possible improvements to the QRPA approach may involve use of the appropriate effective g A , suitable interaction choice, appropriate tensor terms in the transition operator (as have already been introduced by other groups), consideration of the contributions of exotic matter, e.g., heavy neutrinos [19] , and other factors.
The next task appears to be calculation of the NMEs of other decay instances so as to clarify the nucleus-dependent features. An important question is whether or not the calculation reliability is uniform for those instances. Another important step is dynamical extension of the (renormalized) QRPA, as mentioned before. However, the present finding, i.e., that the QRPA solutions are in the applicable region of the QRPA, implies the possibility that the effects beyond the QRPA are not as dramatic in the NME as a factor of 2−3. Considering the status of the method-based NME discrepancy problem, examination of this possibility is very important.
those K values. In addition to those two terms, the term proportional to C lpF,Kπ κ−α,−βλ and that proportional to C lpF,Kπ λ−β,−ακ also vanish for K = 0. It has been confirmed that those terms are not actually treated in the computation, if they are included in the program. 
In this equation, it is assumed that µ and κ are proton, and ν and λ are neutron. The canonical single-particle wave function is expressed as
where σ and τ are the z-components of the spin and isospin, respectively, and |σ and |τ are the associated respective eigen wave functions. Using the canonical wave function of the axially symmetric system
with the cylindrical coordinate (z, ρ, φ), it follows that 
This equation is used in the numerical calculation, in which F µ (στ ; z, ρ) is real.
